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Dear Learner

Facing final exams can be very scary, especially if you have left everything to the last minute.
The secret therefore, is in thorough preparation and this means starting as early as possible.
This is not a difficult thing to do and it is as much about concentrating in class and making
sure you understand what is being taught, as well as going over the work at home afterwards.
Revision after that is merely a case of refreshing your understanding - reminding your brain
what is inside it - not starting from scratch trying to make sense of all the information...

Now is the time to think really smart and put together a programme for yourself, with help
from the tips and questions in this booklet, which will achieve the same objective as if you
had started earlier.

Anyway, this booklet has been developed to assist you in practising and revising what you
learnt and in turn helps you prepare for the final examinations. The more the questions you
attempt from this booklet, the more you develop your confidence to Manage Matric without
unnecessary stress.

Good luck - think of it as the World Cup that you are training for and keep your eye on the
ball!

Maths Centre Team
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TIPS FOR SUCCESS

1 TIME MANAGEMENT

Plan to study daily, starting today:

* Draw up a special study schedule.

* 50-minute study blocks and 10-minute breaks work well.

* Select fixed study-times for every day (including a time slot over weekends).

* Use the long June-July school holidays wisely.

* Study for at least 3 hours a day in the holidays.

« Study skills and strategies become study habits only if they are practised regularly.

* Break up topics into manageable sections. Estimate the time needed, and then double it!

2 HOW TO STUDY

* Decide when you work best, e.g. early morning, afternoons, evenings.
* Where do you like to work? Home? Library? School? Community centre?
* Where can you work undisturbed?

Set up a place for your studying — table, chair, uncluttered work space, good lighting.

* Do you work well with others? Do you have a friend who could be your study buddy?

* How do you best remember information? Seeing? Hearing? Through action? People have
different preferred learning styles, but use them all.

Make your studying active by using study methods, writing, drawing, summarizing,
chanting or teaching your study buddy.

* Concentrate fully and try not to allow your mind to wander. This improves with practice.
* Avoid last-minute cramming.

Mentally prepare to study (RAVES)

* Use Relaxation techniques to calm your mind.

« Arrange goals and priorities for each study block.

« Visualise yourself capable of full concentration.

« Emotional words for success: effort, enthusiasm, energy, eagerness
* Use positive Self-talk to set a positive attitude.
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Memory principles

* Be selective when you study. Select significant information. You cannot learn every detail.
+ Associate new information with what you already know.

* Visualise. Try to create “stories” or “movies” in your mind.

* Recite. Use your own words. Explain the information to a friend/family member. Go back
and check for accuracy and additional details.

ABOUT MEMORISING

Memorising skills can be learned.

There are many different skills you can learn to help you remember information. Here are
some examples:

* Mind maps

* Cartoons, pictures, labelling

* Rhymes and jingles — use words that rhyme to help you remember important facts

» Word association, key words, flash cards

* Creating acronyms: e.g. RICE stands for rest, ice, compression and elevation (What to do
when somebody is injured)

+ Grouping or categorising — organize the information into logical clusters

Memory — Use it or lose it!
Memory strategies require practice and discipline.

Memory Tip 1
Pay attention and listen carefully in class.
» Make sure you understand the material. If not, ask the teacher questions.

Memory Tip 2

Make effective notes.

* In order for information to be stored in long-term memory, it first needs to pass through
your short-term or working memory. This stage of memory is limited in the amount of
information it can retain. Information you receive in class must be written down or you will
forget it

* When revising from your textbooks seek out the important information and write it down.
Organise it logically. Reduce it to key terms or a form that is easy to remember.

Memory Tip 3
Remember these three Rs:
* Repeat, Repeat, Repeat

Memory Tip 4
Use mnemonics.

* Mnemonics are devices, using arbitrary, easy-to remember associations, to help you
remember information.
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Examples:
« Sohcahtoa (used in trigonometry to memorize important information about the sine, cosine
and tangent)

Memory Tip 5

Generate examples.

* A very effective way of checking your own understanding is to generate examples of related
concepts, situations, relationships, events or case studies. If you cannot do this, it is likely that
you do not fully understand this aspect of the syllabus. Ask your teacher for help.

Memory Tip 6

Use visual imagery.

* Visualization of a concept, situation, relationship or sequence of events can be a very
powerful way to learn. Create stories or movies in your mind, or make your own drawings,
stick figures or cartoons.

Memory Tip 7
Make associations.
* Make connections between the new information and something familiar to you.

Memory Tip 8

Use rehearsal strategies

* Practise retrieving information by reciting key ideas, predicting questions, practising
problem-solving and testing yourself by using past examination questions.

Applying memory

Once you have memorized information, rather than just restating that information, you need
to be able to use it. You should do the following:

* Analyse the information.

* Identify exactly what the examination question is asking for.

* Make sure that the information is required by the question.

* In some cases, apply the information in a context.

* In some cases, develop a well-reasoned argument.

* Present information logically and coherently.
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INFORMATION SHEET
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Unit 1: Statistics

NOTES

Mean

The mean of a set of data is the average. To get the mean, you add the scores and divide by
the number of scores.

Mode

This is the most frequently occurring score.

Quartiles

Quiartiles are measures of dispersion around the median, which is a good measure of central
tendency. The median divides the data into two halves. The lower and upper quartiles further
subdivide the data into quarters. There are three quartiles: The Lower Quartile (Q1): This is
the median of the lower half of the values. The Median (M or Q2): This is the value that
divides the data into halves. The Upper Quartile (Q3): This is the median of the upper half of
the values. If there is an odd number of a data value in the data set, then the specific quartile
will be a value in the data set. If there is an even number of data values in the data set then
the specific quartile will not be a value in the data set. A number which will serve as a
quartile will need to be inserted into the data set (the average of the two middle numbers).
Useful formulae to determine the position of the quartiles are:

The lower quartile (Q1): i(n +1)

The median (Q2): %(n +1)

The upper quartile (Q3): %(n +1)

Range

The range is the difference between the largest and the smallest value in the data set. The
bigger the range, the more spread out the data is.

The Inter-quartile range (IQR)
The difference between the lower and upper quartile is called the inter-quartile range.

Five Number Summary

The Five Number Summary uses the following measures of dispersion:
e Minimum: The smallest value in the data

e Lower Quartile: The median of the lower half of the values

e Median: The value that divided the data into halves

e Upper Quartile: The median of the upper half of the values

e Maximum: The largest value in the data
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Box and Whisker Plots

A Box and Whisker Plot is a graphical representation of the Five Number Summary.

Box
Whisker Whisker

T T .

Minirmum Lower Quartile Median Upper Quartile

Standard deviation and variance

Standard deviation and variance are a way of measuring the spread of a set of data. These
values also tell us how each value digresses from the mean value. It is important that learners
understand what these two concepts are so that they are able to interpret their results and
communicate conclusions. Learners need to know how to calculate standard deviation
manually using a table as well as their calculators.

The standard deviation (SD) can be determined by using the following formula:

=X 2 _ eyl
F:D:.I’Z{—} ariance = Efxnﬂ
]

Calculator programmes to calculate standard deviation

CASIO fx-B2ES PLUS:

MODE

2 STAT

1:1-VAR

Enter the data points: push = after each data point
AC

SHIFT

STAT

5: VAR

3:xon

push = to get standard deviation
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SHARP DAL
MODE 1 =

Enter data points: push STO 2 M+ after each data point
RCL 6 to get standard deviation

Scatter plots and lines and curves of best fit

Plotting data on a scatter plot diagram will show trends in the data. Data could follow a
linear, quadratic or exponential trend.

Linear

Quadratic Exponential
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NOV 2008

QUESTION 9
The time taken, in minutes, to complete a 5 kilometre race by a group of 10 runners is given
below:

18 21 16 24 28 20 22 29 19 23

9.1 Calculate the mean time taken to complete the race. 2

9.2 Calculate the standard deviation of the time taken to complete the race. (Use the
formula on the information sheet.) 4)

9.3 How many runners completed the race within one standard deviation of the mean?  (2)

(8]

QUESTION 10
A street vendor has kept a record of sales for November and December 2007.
The daily sales in Rands are shown in the histogram below.

&0 T 20 =] 100 1M 130
Dhaidly zales (m ramd=)

On DIAGRAM SHEET 3, complete the cumulative frequency table for the sales over
November and December. 3)
Draw an ogive for the sales over November and December on DIAGRAM SHEET 3. (3)
Use your ogive to determine the median value for the daily sales. Explain how you
obtain your answer. Q)
Estimate the interval of the upper 25% of the daily sales. 2

[9]
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QUESTION 11

A parachutist jJumps out of a helicopter and his height above ground level is estimated at
various times after he opened his parachute. The following table gives the results of the
observations where y measures his height above ground level in metres and t represents the
time in seconds after he opened his parachute.

t P 4 6 | 7 | 8
g | 300 ] 300 {200 (120 ) 70 | 40 | 20

11.1 On DIAGRAM SHEET 4, draw a scatter plot for the above information. @)

11.2  Describe the curve of best fit. 1)

11.3  Use the scatter plot to estimate the height of the parachutist 5,5 seconds after he had
opened his parachute. 1)

[4]
QUESTION 12
The box and whisker plots below summarise the final test scores for two of Mr Jack's
Mathematics classes from the same grade.

Clas= 4 »

Describe the features in the scores that are the same for both classes. 2
Calculate the interquartile range for Class B. @)
Mr Jack considers the median of each class and reports that there is no significant
difference in the performance between them. Is Mr Jack's conclusion valid? Support
your answer with reasons. 3

[7]
FEB 2009
QUESTION 10
The data below shows the energy levels, in kilocalories per 100 g, of 10 different snack foods.
440 520 480 560 615 550 620 680 545 490
10.1. Calculate the mean energy level of these snack foods. 2
10.2. Calculate the standard deviation. 4)

10.3. The energy levels, in kilocalories per 100 g, of 10 different breakfast cereals had a mean
of 545, 7 kilocalories and a standard deviation of 28 kilocalories. Which of the two types of
food show greater variation in energy levels? What do you conclude? @)

[8]
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QUESTION 11

The heights, h, of the learners at Nkosi High School in Grades 10, 11 and 12 were recorded as
follows:

HEIGHT (IN CM) FREQUENCY
118 <h <127 16
127 <h <136 26
136 <h <145 42
145<h < 154 54
154 <h <163 26
163 <h<172 22
172<h <181 14
11.1  Set up a cumulative frequency table for the data on DIAGRAM SHEET 2. 2
11.2  Draw an ogive for the data on the grid provided on DIAGRAM SHEET 2. 3)

11.3  Use the ogive to determine the lower quartile, median and upper quartile 3)

11.4  If the minimum height was 119 cm and the maximum height was 178 cm, draw a box and
whisker diagram for the data. 3)

11.5 Comment on the distribution of the heights of the learners. Q)

11.6  Approximately how many learners are between 138 cm and 158 cm tall? 1)
[13]

QUESTION 12

A motor company did research on how the speed of a car affects the fuel consumption of the
vehicle. The following data was obtained:

Speed in km/h 60 75 115 85 110 95 120 100

Fuel consumption 11,5 10 8,4 9,2 7,8 8,9 8,8 8,6
in £/100 km

12.1  Represent the data as a scatter plot on DIAGRAM SHEET 3. 3
12.2  Suggest whether a linear, quadratic or exponential function would best fit the data. (1)

12.3  What advice can the company give about the driving speed in order to keep the cost of
fuel to a minimum? (@)

[6]
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FEB 2009 P3
QUESTION 5

During the month of July a number of patients visited a local clinic suffering from influenza. The
table below shows the cumulative number of patients treated as per the dates given.

Dates in the month of July 3 5 8 12 15 19 22

Number of patients treated 270 275 | 376 | 420 | 602 | 684

5.1 Draw a scatter plot of the above data.

5.2 Determine the equation of the least squares line for the data.

5.3 Draw the least squares line for the data.

5.4 Estimate how many patients were treated as at 30 June.

55 Estimate how many patients were treated as at 24 July.

5.6 Determine the correlation coefficient for the data. Interpret this result.

NOV 2009
QUESTION 9
UNAIDS issued their 2007 report on 20 November 2008, providing an overview on the state of

the AIDS epidemic. Using modern methods, UNAIDS was able to estimate how many new
people throughout the world were infected each year.

YEAR 2001 | 2002 | 2003 | 2004 | 2005 | 2006 | 2007

New infections (in millions) 3.2 3.1 3.0 2.9 2.8 2.7 2.5

[Source: www data org/issues/UNAIDS-2007 — ATDS EPIDEMIC UPDATE]
9.1 Draw a scatter plot for the data on the graph paper provided on DIAGRAM SHEET 2.(3)
9.2 Describe the trend that is observed in these estimates. 1)

9.3 Give TWO possible reasons for this trend. (2)
[6]

QUESTION 10

The following set of data shows the individual travelling times, in minutes, that 20 learners took
to get to school one morning.

40 21 23 27 20 29 35 19 20 45

18 36 17 19 39 25 27 22 21 17
10.1 Calculate the mean time it took for a learner to get to school on this particular morning (2)
10.2 Calculate the standard deviation of the above set of data. 2)

10.3  The educator says that all learners took about the same time to get to school. Do you
agree with the educator? Give a reason for your answer. 2

[6]
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QUESTION 11

The price of 95-octane unleaded petrol in Gauteng for the period January 2007 to July 2008 is

shown below. The price is in South African cents per litre.

January 2007 508 February 2007 575 March 2007 599
April 2007 667 May 2007 701 June 2007 724
July 2007 716 August 2007 701 September 2007 691
October 2007 701 November 2007 704 December 2007 747
January 2008 747 February 2008 764 March 2008 825
April 2008 891 May 2008 0 June 2008 906
July 2008 1070

[Source: www.sasol.com
11.1  Determine the median, lower quartile and upper quartile for the data. 4
11.2  Draw a box and whisker diagram on DIAGRAM SHEET 2 (attached). (2)

11.3  The box and whisker diagram for the price of diesel for the same period as above is
shown below. The lower quartile is 600 and the upper quartile is 800.

L
T T

1 L L 1 .
600 650 700 750 800 850 900 950 100010501100 1 150

How many data points are there, strictly between 600 and 8007 (2
[8]

QUESTION 12

The lifetime of electric light bulbs was measured in a laboratory. The results are shown in the
cumulative frequency diagram below.

Cumulative freqgquency curve showing lifetime of
electric light bulbs

Cumulative Frequency

500 1000 1500 2000 2500 3000 3500
Lifetime of electric light bulbs (hours)
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12.1  Use the above cumulative frequency curve to determine the following:
12.1.1 How many light bulbs were tested? 1)
12.1.2 The median lifetime of the electric light bulbs tested 2
12.1.3 The interquartile range 2
12.1.4 The number of electric light bulbs with a lifetime of between 1 750 and 2 000 (2)

12.2  If the cost of one light bulb is R5,00, determine the amount spent on purchasing the light
bulbs that lasted longer than 2 500 hours. (2

NOV 2009 P3
QUESTION 5

A learner conducted an experiment to investigate the relationship between age and resting heart
rate (in beats per minute). He sought the assistance of the local clinic. The information for 12
people is shown in the table below.

Age 59 | 32 | 42 [ 50 | 22 | 39 | 21 [ 20 | 27 | 40

Resting heart rate (beats 88 [ 74 | 74 | 93 [ 8 | 71 | 78 | 82 | 70 | 75
per minute)

5.1 Represent the data in a scatter plot. (3)

5.2 Determine the equation of the least squares line. (4)
5.3 Draw the least squares line on the scatter plot. (2)
5.4 Calculate the correlation coefficient for the data. (2)

5.5 Use the correlation coefficient to comment on the relationship between age and the
resting heart rate. @)

5.6 If a learner uses the least squares line to predict the resting heart rate of a 45-year-old
person, will his answer be reliable? Motivate your answer. (@)
[15]
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FEB 2010
QUESTION 3

The time taken (to the nearest minute) for a certain task to be completed was recorded on 48
occasions and the following data was obtained.

Time (in minutes) Frequency

11=¢ =15 6

15=r<19 9

13

12

8

3.1 Complete the cumulative frequency table on DIAGRAM SHEET 2. )
3.2 Draw an ogive (cumulative frequency curve) for the given data on DIAGRAM SHEET 2. (4)
3.3 Determine, from the ogive, the median, lower quartile and upper quartile for the data. 3)
3.4 Draw a box and whisker diagram of the data on DIAGRAM SHEET 3. (@)
3.5 Comment on the spread of the time taken to complete the task. 1)

[11]
FEB 2010 P3

QUESTION 7

The term latitude refers to how far a place is from the equator. Latitude in the Northern
Hemisphere range from 0° at the equator to 90° N at the north pole.

Below are the latitudes of several cities in the Northern Hemisphere together with the mean
maximum temperature for April in degrees Celsius.

City Northern Latitude Mean maximum temperature for April

[=x}

Lagos. Nigeria 32

London. England 13

Calcutta. India 36

Rome. Italy

Moscow. Russia

Cairo. Egypt

San Juan. Puerto Rico

Copenhagen. Denmark

Lafn|= Lo da k| h
h S|[OS [Ty ||

Toloyo. Japan

7.1 Draw a scatter plot for the above information on DIAGRAM SHEET 1. 3)
7.2 Determine the equation of the least squares regression line. 4
7.3  Draw the least squares regression line on your scatter plot, on DIAGRAM SHEET 1. (2)
7.4 What information does the y-intercept of this line represent? Q)
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7.5 The city of Madrid has latitude of 40°N. Determine the mean maximum temperature for April

for this city. 2

7.6 Calculate the correlation coefficient of the data. (2)

7.7 Explain the correlation between latitude and the mean maximum temperature for April. (1)
[15]

NOV 2010 P3

QUESTION 4

The data below shows the pulse rate of a sample of 12 people when they rest and then again

after 2 minutes of jogging.

Resting heart rate 47 | ss|os|es s s]so|72]s2|7e
(beats per minute)

Heart rate after jogging

(beats per minute) 65 68 | 100 78 | 81 90 | 85 84 | 105 ] 88

4.1 Draw a scatter plot of the data given on the grid provided on DIAGRAM SHEET 1. (3)

4.2 Calculate the equation of the least squares line for this data. 4)

4.3 Calculate the correlation coefficient. 2

4.4 Comment on the correlation of the data. 2

4.5 If Joan's heart rate after jogging is 86 beats per minute, what is her resting heart rate, in

beats per minute? @)
[13]

FEB 2011

QUESTION 2

The individual masses (in kg) of 25 rugby players are given below:

78 102 8 93 81 90 75 60 76 75

68 90 80 77 81 69 60 83 91 100

80 70 81 64 70

Complete the following table

MASS (kg) | FREQUENCY

CUMULATIVE
FREQUENCY

60<x<70
70<x<80
80<x<90
90<x<100
100<x <110

2.2 Draw an ogive (cumulative frequency curve) of the above information on the grid
provided on DIAGRAM SHEET 2. (3)
2.3 Calculate the mean mass of the rugby players. 2

2.4 How many rugby players have masses within one standard deviation of the mean? From your
calculations, calculate the percentage of the rugby players who have masses within one standard
deviation of the mean. (5)

[14]
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QUESTION 3

A group of 12 learners was asked to measure their arm span (from fingertip to fingertip) and their
height. The data below was gathered.

Arm span 156 | 157 | 160
(cm)

Height (cm) 162 | 160 | 155

3.1 Represent the data as a scatter plot on the grid provided on DIAGRAM SHEET 3. (4)
3.2 Draw a line of best fit for this scatter plot. (2
3.3 Would you expect a person with below average arm span to be below average in height?
Give a reason for your answer. (2)
[8]

FEB 2011 P3

QUESTION 4
The data below shows the marks of the Grade 12 trial examination and the corresponding final
examination marks for 11 learners.

Trial examination marks 80 68 o4 74 56 68 as

Final examination marks 72 71 96 82 58 83 78

4.1 Draw a scatter plot of the data above on the grid provided on DIAGRAM SHEET 1. (3)

4.2 Calculate the equation of the least squares regression line for this data. 4

4.3 Draw the least squares regression line on DIAGRAM SHEET 1. 2

4.4 Calculate the correlation coefficient for the above data. 2
4.5 What will the predicted final examination mark be for a learner averaging 75 in the

trial examination? (2)

[13]
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NOV 2011

QUESTION 1
Fifteen members of a basketball team took part in a tournament. Each player was allowed the
same amount of time on the court. The points scored by each player at the end of the tournament

are shown below.

27 28 30 32 34 38 41 42 43 43 44 46 53 56 62
1.1 Determine the median of the given data. 1)
1.2 Determine the interquartile range for the data. (3)
1.3 Draw a box and whisker diagram to represent the data. 3)
1.4 Use the box and whisker diagram to comment on the points scored by the players in this

team. (2)
[9]

QUESTION 2
The scores for 8 golfers who played a single round of golf on the same golf course are shown

below.

69 71 75 74 78 70 72 71
2.1 Calculate the mean score. (2)
2.2 Calculate the standard deviation for the data. 2
2.3 How many golfers' scores lie outside one standard deviation of the mean? 2

[6]
QUESTION 3
A group of 8 learners was randomly selected from a class. The performance of these learners in a
standardised test (which counted 150 marks) and the average number of hours they spend
watching TV each week was recorded. The data is represented in the scatter plot below.

SCATTER PLOT

Test scores obtained

10 15 20 25 30 35 40

Average number of hours spent watching TV

3.1 What is the lowest test score for this group of learners? 1)
3.2 Does the data display a linear, quadratic or exponential relationship? Justify your choice. (2)
3.3 What conclusion can be reached about the learners' test scores and the average number of

hours they spend watching TV? Q)
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3.4 Another learner from the class watches 35 hours of TV per week. Using the given
information, predict his/her performance in the test. (2)

[6]
QUESTION 4
Thirty learners were asked to answer a question in Mathematics. The time taken, in minutes, to
answer the question correctly, is shown in the frequency table below.

TIME, T NUMEBER OF
(IN MINUTES) LEARNERS

=11
13

4.1 Construct a cumulative frequency table for the data. 3)
4.2 Draw a cumulative frequency graph (ogive) of the above data. 4)
4.3 If a learner answers the question correctly in less than 4 minutes, then he/she is classified
as a 'gifted learner'. Estimate the percentage of 'gifted learners' in this group. 2)

[9]
NOV 2012

QUESTION 1
The scatter plot below shows the age (in years) and the average height (in centimetres) of boys
between 2 and 15 years.

Scatter Plot

Average height (in cm)

-] T = o9 10 11 1z 13 14 15
Age of bows (in yvears)

[Source: A motebook comendoferxcany 3 incharmn bt

Use the scatter plot to determine the average height of a 7-year-old boy. 1)
Describe the trend in the scatter plot. 1)
What is the approximate increase in the average height per annum between the ages of

2 and 15 years? (3)
Explain why the observed trend CANNOT continue indefinitely. 1)

[6]
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QUESTION 2

Abe plays for his school's cricket team. The number of runs scored by Abe in the eight games

that he batted in is shown below. (Abe was given out in all of the games.)

21 8 19 7 15 32 14 12

2.1 Determine the average runs scored by Abe in the eight games. @)

2.2 Determine the standard deviation of the data set. (2)

2.3 Abe's scores for the first three of the next eight games were 22, 35 and 2 respectively.

Describe the effect of his performance on the standard deviation of this larger set having 11 data

points. 2

2.4 Abe hopes to score an average of 20 runs in the first 16 games. What should his average in

the last five games be so that he may reach his goal? 3)
[9]

QUESTION 3

In a certain school 60 learners wrote examinations in Mathematics and Physical Sciences. The

box-and-whisker diagram below shows the marks (out of 100) that these learners scored in the

Physical Sciences examination.

Physiecal Sciences -

1
25 30 35 40 45 30 35 60 45 0 T3 %0 &85 90 95 100

3.1  Write down the range of the marks scored in the Physical Sciences examination. Q)
3.2 Use the information below to draw the box-and-whisker diagram .

Minimum mark = 30

Range =55

Upper quartile = 70

Interquartile range = 30 4)
Median = 55

3.3 How many learners scored less than 70% in the Mathematics examination? (2)
3.4 Joe claims that the number of learners who scored between 30 and 45 in Physical Sciences
is smaller than the number of learners who scored between 30 and 55 in Mathematics. Is Joe's

claim valid? Justify your answer. (2)

[9]
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QUESTION 4

As part of an environmental awareness initiative, learners of Greenside High School were
requested to collect newspapers for recycling. The cumulative frequency graph (ogive) below
shows the total weight of the newspapers (in kilograms) collected over a period of 6 months by
30 learners.

CUMULATIVE FREQUENCY GRAPH

./“

o

Cumulafive Frequency
(Number of learners)

1»-——"""_‘./‘

(8] 1 20 30 40 S0 [e1n] TO S50

Weight of newspaper collected (in Kilograms)

4.1 Determine the modal class of the weight of the newspapers collected.
4.2 Determine the median weight of the newspapers collected by this group of learners.
4.3 How many learners collected more than 60 kilograms of newspaper?
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Unit 2: Analytical Geometry

NOTES

e The gradient/inclination of a straight line.

Definition: The angle formed by a straight line and the positive direction of the
horizontal.

4 OPTIONS
Y [ ¥ |

ped|

To find this angle we need the concept of a gradient and link it directly to
trigonometry. Yi
= change in Ay

" change in Ax

andtan o ==

= For any line segment AB:

tanc=m,,

- tan o =22 24
e T X=X, A (IA:' J"ﬁ}'

— =1
So«=tan"' (m, )
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The angle between two lines AB and BC
o=0,-6
The acute angle between AB and CD:

My =My

T+m,-m_,

tan =

Applying this to:

e The equation of a straight line.
Equations of straight lines (used to find the equations of lines)

Here we have four cases:

1. If the gradient m__and the y-intercept c of the line are given:

=  Weuse y=m__ x + ¢ (the gradient/y-int formula)
If the gradient m,, and another point C (x_ 3 y,)
on the line are given:
=  Weuse (v—vJ=m_, x—x_(the point gradient formula)
If two points A(x, ; y,) and B(x_;y,) onthe line are given:
= We use ::—1: = % (the two point formula)
If the x-intercept and y-intercept are given:
X v

= We use e e 1 (the dual intercept formula)
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e The distance between 2 points

To find the distance between two

. Alx v,
points A and B, we use the formula: AT

AB = /(x, —x )" + (v, —y,)

e The mid-point of a line segment
To determine the co-ordinates of the midpoint of a line segment AB:
_ .!.',1L + .l'E _ -"",x + _'I.'E

.'L'E, = 3 1‘!: = 3

B s wg)

Know the properties of quadrilaterals, parallel lines (gradients are equal) and
perpendicular lines (product of gradients equal to 1)

Circles and Tangents to circles

The equation of a circle centre the origin is given by:  x* +y? =7

The equation of a circle centre (a.b)is given by: (x— mr)E +(»v- b)z =r

The radius is perpendicular to the tangent: Mg X M

tangent —
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QUESTION1

ABCD is a quadrilateral with vertices A(1 ; 6), B(3 ; 0), C(6 ; 1) and D(7 ; ) in a Cartesian
plane. AD | BC.

B(3:0)

Calculate the gradient of BC.

Deetermune the equation of AD in the form y=_..

Show that = 8.

Calculate the lengths of AD, BC and AB.

Show that AB is perpendicular to BC.

Calculate the area of the quadrilateral ABCD. (Simplify your answer.)

Determine &, the angle of mclination of BC.
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QUESTION 2

A(0:5)and B(—8 : 1) are two points on the circumference of the circle centre M. in a Cartesian
plane. M lies on AB. DA is a tangent to the circle at A. The coordinates of D are (3 : —1) and
the coordinates of C are (—12 : —1). Points C and D are joined. K is the point (0:-7). CTD1isa
straight line.

K(0:-7)

Show that the coordinates of M, the midpoint of AB, are (—4 : 3).

Determine the equation of the tangent AD.

Determine the length of AM.

Determine the equation of circle centre M in the form ax” +by” +ex+dv+e=0

Quadrilateral ACKD is one of the following:
parallelogram: kite: rhombus: rectangle

Which one is it? Justify yvour answer.
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NOV 2009 UNUSED

QUESTION 4

ABC 15 a triangle with vertices A(1 ; 3), B(f; 0) and C{p : —4). with p > 0. in a Cartesian plane.
AB makes an angle of 45° with the positive x-axis. AC= J50.

IR
A

45°)

"N

Determine the gradient of AB.
Calculate the value of .

Calculate p, the x-coordmate of pomt C.
Hence, determine the nudpoint of BC.

Determune the equation of the line parallel to AB, passing through point C.
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QUESTION 5

A(—8:2). B(—2:—6) and D(0 : 8) are the vertices of a triangle that lies on the circumference of
a circle with diameter BD and centre M. as shown in the figure below.

Calculate the coordinates of M.
Show that (—8 : 2) lies on the line y = 7x + 58,

What 1s the relationship between the line y = 7x + 358 and the circle centred at M?
Motivate your answer.

Calculate the lengths of AD and AB.

Prove DAB = 90° .

Write down the size of angle 8.

A cirele, centred at a point Z mside AABD. is drawn to touch sides AB. BD and DA
at N. M and T respectively. Given that BMZN is a kite, calculate the radius of this
circle. A diagram is provided on DIAGRAM SHEET 2.
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QUESTION 1

ABCD is a quadrilateral with vertices A(5: 1), B(—=3:5). C(—1:-5)and D(9 : -

Calculate the gradient of AC.

Determine the equation of AC in the form y = ...

Hence, or otherwise, show that the midpoint M of BD lies on AC.
Show that AMB =90°.

Caleulate the area of A ABC.
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QUESTION 2

2.1 The circle that passes through the points A(0 : 2), B(7 : 1) and D(—1 : —5) 1s given
below.

Calculate C, the coordinates of the midpoint of BD.

Show that CA = CB.

Hence. give the equation of the circle.

Calculate the angle & that BD makes with the positive x-axis.

If AC 1s extended to meet the circle at E, calculate the coordinates of E.
Explam why ABED is a rectangle.

Determine the equation of the tangent to the circle at B in the form
of y=...

A circle 1s represented by the equation x~ + 2x+y" —4y-5=10.

221 A transformation moves every point 2 units to the left and 4 units up.
Determine the equation of the new circle after the transformation.

Does the origin lie within the new circle? Give a reason for your answer.
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FEB 2010

QUESTION 4

The diagram below shows the points P(0 ; 2) and Q(4 ; 0). Pomt A is the midpoint of PQ). The
line AB is perpendicular to PQ) and infersects the x-axis at G and the y-axis at B.

Show that the gradient of PQ is —% i

F=

Deternune the coordinates of A.

Determine the equation of the line AB.
Calculate the length of BQ).

Show that ABPQ) 15 1sosceles.

[f PBOR is a thombus, determine the coordinates of R
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QUESTION 5

The straight line AB has the equation 5y —-3x—5=0. Another straight line CD is drawn to

intersect AB at P(5 : 4) such that the acute angle between AB and CD is 45°.

Determine the gradient of the line CD.

Hence, or otherwise, determine the equation of the line CD.

QUESTION 6

6.1 Determine the centre and radius of the cirele with the equation
2 9
X“+y +8x+4y-38=0.

A second circle has the equation (x—4)"+(y—6)"=26. Calculate the distance

between the centres of the two circles.

Hence. show that the circles deseribed in QUESTION 6.1 and QUESTION 6.2
intersect each other.

Show that the two circles intersect along the line y= —x + 4.
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QUESTION 1

ABCD is a quadrilateral with vertices A(—3 ;0),B(—1;-3), C(2 ;-1) and D{0 ; 2).

B(—1:-3)

Determine the coordinates of M, the midpoint of AC.
Show that AC and BD bisect each other.

Prove that ADC = 90°.

Show that ABCD is a square.

Determine the size of &, the angle of inclination of DC, correct to ONE decimal
place.

Does C lie inside or outside the circle with centre (0 ; 0) and radius 27 Justify your
ANSWeT.




M education
SHANDUKA | KAGISOSHANDUKATRUST i& \ Q) Departmentof .

i e > E Education
Maths Centre oo Foundation Partnering for exellence in education QS e PROVINIGE

Engage Transform Achieve

QUESTION 2

O 15 the centre of the circle in the figure below. P(x ;y) and Q (12 ; 5) are two points on the
circle. POQ 1s a straight line. The point R(7 ; — 1) lies on the tangent to the circle at Q.

4
.1:

Determine the equation of the circle.
Determine the equation of the straight line through P and Q.

Determine x and y, the coordinates of P.

; : 12
Show that the gradient of QR 15 — 5

Determine the equation of the tangent QR im the form y= __.
Calculate the value of .

Determine an equation of the circle with centre Q(12 ; 5) and passing through the
origin.
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NOV 2010
QUESTION 5

In the diagram below, A, B and C are the vertics of a tnangle. AC 18 extended to cut the x-axis

at [,

Caleulate the gradient of:

Caleulate the size of DCB .
Write down an equation of the straight line AD.
Determing the coordinates of M, the midpoint of BC.

If Gia ; B) 18 & point such that A, G and M lie on the same straight line, show that
b=2a+1

Henece caleulate TWO possible values of & if GC= A7,
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QUESTION 6

The line LP. with equation v+x—2=0. is a tangent at L to the circle with centre M(— 4 :4).

LN is a diameter of the circle. Also LP || NQ. where P lies on the x-axis. and Q lies on the
V-axis.

Determine the equation of the diameter LN.
Calculate the coordinates of L.

Determine the equation of the circle.

Write down the coordinates of N.

Write down the equation of NQ.

If the length of the diameter is doubled and the circle is translated horizontally 6 units
to the right. write down the equation of the new circle.
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QUESTION 4
In the diagram below APQE with vertices P(— 1 :2), Q(— 2 ;. — 2)and E(3 ; 0) is given.

v

Calculate the angle that PQ makes with the positive x-axis.
Determine the coordinates of M, the midpoint of PE.
Determine the perimeter of APQR to the nearest whole number.

Determine an equation of the line parallel to PQ that passes through M.

QUESTION 5
1 The equation of a cirdle is x* + y* —8x+ 6y =15.
5.1.1 Prove that the point (2 ; — 9) is on the circumference of the circle.
12 Determine an equation of the tangent to the circle at the point (2 ; — 9).

Calculate the length of the tangent AB drawn from the point A{6 ; 4) to the circle with
equation (x—3)? +(y +1? =10.

QUESTION 6

The circle, with centre A and equation (x—3)?+(y+2)" =25 is given in the following
diagram. B is a y-intercept of the circle.
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.“

Determine the coordinates of B.

Write down the coordinates of C,if C is the reflection of B in theline x=3.

The circle is enlarged through the origin bv a factor of % ;

Write down the equation of the new circle, centre A’, in the form
(x—a) + (=58 =r.

In addition to the circle with centre A and equation (x—3)" +(y +2)* =25. vou are
given the circle (x—12)* + (¥ —10)* =100 with centre B.
6.4.1 Calculate the distance between the centres A and B.

642 In how many points do these two circles intersect? Justifv vour answer.
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QUESTION 5

In the diagram below. PQRS is a rectangle with vertices P(— 4 : 0). Q(4 : a). R(6 : 0) and S.
Q lies in the first quadrant.

Show that a =4.

Determine the equation of the straight line passing through the points S and R in the
form y=mx+ec.

Calculate the coordinates of S.
Calculate the length of PR.

Determine the equation of the circle that has diameter PR. Give the equation of the

circle in the form (x - a}z +(y- b}z =r".

Show that Q is a point on the circle in QUESTION 5.5,

Rectangle PORS undergoes the transformation (x:y)— (x+k:y+[)where k and [

are numbers. What is the minimum value of k + [ so that the image of PQRS lies in
the first quadrant (that is, x = 0 and y = 0)?
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QUESTION 6

The circle with centre B(—1 : 1) and radius /20 1s shown. BC is parallel to the y-axis and
CB = 5. The tangent to the circle at A passes through C.

ABC=ADO =29

Determine the coordinates of C.

Calculate the length of CA.

Write down the value of tan &.
Show that the gradient of AB 1s — 2.
Determine the coordinates of A,

Calculate the ratio of the area of A ABC to the area of A ODF. Simplify your answer.
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FEB 2012

QUESTION £

In the figwe below, Al ; 4), Bi-3 ; 1) and IN5 ; -2} are the coordinates of the verices of
AARD

# BD and AD mtersectthe x-axiz at E and F respectrvely.

The angle of melination of BD) with the x-axiz at E 1= a.
# The angle of melhination of AD waththe x-asas at F 1= §.

Al ; 4)

Calenlate the gradient of AD.
Dretermine the length of the line segment AT

[Leave vour answer 1n surd form, 1f necessary.)
Dretermine the coordmates of M, the mudpoint of AD.

C 15 a poant such that ine BC 1z parallel to AD. Determomne the equation of line BC
n the form ax+ by +ec=10.

551 Caleulate the size of £

552 Caleulate ALL the angles of ADVEF.

Dietermine the equation of a corcle, wnth centre M. wiiueh passes throngh the poant= A
and D. Give your answer in the form: (x—a) + (v -8 =r"

Dioes the pomt B he m=ide, outside or on the cwele mn QUESTION 367 Show ATL

caleulations to ustify vour answer.
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QUESTION 6

In the figure below. a circle with centre M 1s drawn. The equation of the circle is
+2P+(-17=r.

S(1:-2) 1is a point on the circle.

SR is a tangent to the circle.

C
A

Write down the coordinates of M and the radius of the circle centre M.
Determine the equation of the tangent RS in the form y=mx + ¢.

The circles having centres P and M touch externally at point S. SR is a tangent to
both these circles. If MS : MP =1 : 3, determine the coordinates (a : b) of point P.
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QUESTION 5

ABCD is a thombus with A(—3 : 8) and C(5 ; — 4). The diagonals of ABCD bisect each other
at M. The point E(6 : 1) lies on BC.

A(—3:8

Calculate the coordinates of M.
Calculate the gradient of BC.

Determine the equation of the line AD in the form vy =mx +c.

Determine the size of & that 1s BAC . Show ALL calculations.

Q

QUESTION 6

A circle centred at N(3 ; 2) touches the x-axis at point L. The line PQ, defined by the equation

4 4 . . .
V=—Xx+—.1s atangent to the same circle at point A.
2 2
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Why is NL perpendicular to OL? (1)
Determine the coordinates of L. (1)
Determine the equation of the circle with centre N in  the form
2 2 2
x—a)y+y-by=r
Calculate the length of KL.

Determine the equation of the diameter AB in the form y = mx + c.

. - (7 '
Show that the coordinates of A are ['—_ : E] :

3 )
Calculate the length of KA.
Why is KLNA a kite?
Show that ABK = 45°,

If the given circle is reflected about the x-axis. give the coordinates of the centre of
the new circle.

FEB 2013
QUESTION 4

In the diagram below. trapezium ABCD with AD // BC is drawn. The coordinates of the
vertices are A(1 : 7): B(p : q). C(-2 : -8) and D(—4 : -3). BC intersects the x-axis at F.
DCB=w.

v

AL 2T
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Calculate the gradient of AD. (2)
Determine the equation of BC in the formy =mx + ¢. (3)
Determine the coordinates of point F. (2)

AB'CD is a parallelogram with B’ on BC. Determine the coordinates of B'. using a
transformation (x: y) — (x+a: y+5) that sends A to B (2)

Show thato = 48.37°. 4

Calculate the area of ADCF. (6)
[19]

QUESTION 5

Circles Cy and C; in the figure below have the same centre M. P 1s a pomt on C,.
PM intersects Cy at D. The tangent DB to C; mtersects Cz at B. The equation of circle C; 1s

given by x? +2x+ v 4+ 67+ 2 =0 and the equation of line PM is y=x—2.

Determine the following:

5.1.1 The coordinates of centre M

5.1.2 The radius of circle Cy

Determine the coordinates of D. the point where line PM and circle C; intersect.

If it 1s given that DB =4+/2 . determine MB, the radius of circle C,.
Write down the equation of C» in the form (x—a)* + (v —b)* =17.

Is the point F (245 : 0} inside circle C,? Support your answer with calculations.
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QUESTION 5

In the diagram below, P is a point (- 5 ; 0). The inclination of line PT is 63,43°. S is the
midpoint and the y-intercept of PT. R is a point on the x-axis such that PO : OR=2: 3.

T T

The gradient of PT, correct to the nearest integer value
The equation of PT in the form y = mx+¢
The distance PS in surd form
The coordinates of T
Determine the coordinates of R.

Calculate the area of APTR.

QUESTION 6

In the diagram below, M is the centre of the circle having the equation
x*+y? —6x+2y—8=0. The circle passes through R(0; — 4) and N(p; g).
RMN =90°. The tangents drawn to the circle at R and N meet at P.
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Show that M is the point (3 ; — 1).

Determine the equation of MR in the form y=mx+¢.

Show that g =2 —p.

Determine the values of p and g.

Determine the equation of the circle having centre O and passing through N.

Calculate the area of the circle centred at M.

Calculate the ratio in its simplest form:

A
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Unit 3: Trigonometry

NOTES

Summary of all Trigonometric Theory

sin@ =~ cos@ =2 tan@ =2
r

r X

Quad 2 Y Quad 1

sinf  + G° +0 sin®  +
cosB — cos@ +

tan® - tanB  +

180° -0

180° + 6 360° -0

sinf —
cosB —

tanf@ +

Quad 3

Reduction rules

sin(180° -0} =sind sin{180°+0)=—sinB sin(360° - 0)=—-sind
cos(180° -0)=—cosh cos(180° +0)=—cosB cos(360° -0) =cosd

tan(180° - 0) = —tan® tan{180° + @) =tan @ tan(360° -0) = —tand
sin(90° - B)=cosO sin{90°%+8)=cosO

cos(90° —8)=sind cos(90° +8)=—-snd

sinf—-0)=-smnB cos(—8)=cos0 tan{—B)=—tanB

Whenever the angle is greater than 360°, keep subtracting 360° from the angle
until you get an angle in the interval [0°;360°].

Identities

. sinf
cos 0 +sin’0=1 tanfB =

cos0
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Special angles

Triangle A Triangle B

N

From Triangle A we have: From Triangle B we have:

2
sinds® = =%

sinlﬂ':':;— and sinb0®= £

cos30° =—3

2

_\2

tan4ﬁ°=%=] =— and tanﬁﬂ":—ﬁ:ﬁ

For the angles (0°, 90°,180°,270°;,360°) the diagram below can be used

B(1; 4f3)

F(0;=2)

r
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The following identities are important for tackling Grade 12 Trigonometry:
Compound angle identities Double angle identities

sinfA+B)=sinAcosB+cosAsinB cos” B—sin’ B = cos20
sinfA—B)=sinAcosB—cosAsinB sin20 =2sinbcosO
cos(A +B)=cosAcosB-sinAsinB cos-B—sin- 0

cos(A—B)=cosAcosB+sinAsinB c0s20=142cos20-1

1-2sin’0

¢ Determine the general solution of trigonometric equations

The following method is used in this session to determine the general solutions of
tfrigonometric equations:

IfsnBb=a and -1=a<l
then 0 =sin"'(a)+ k.360° (kell)
or 0=180°—sin"'(a)+k.360° (kell)

If cosB=g and -1<£a<l IftanB=g and ael]

then O0=+cos™(a)+k360° (kell) then O=tan™'(a)+k.180° (kell)
Note:

Some schools use a different method which involves ignoring the negative sign when
calculating the acute reference angle and then obtaining two solutions by locating

quadrants. Then the general solution is obtained using these two angles. This method
is acceptable as well.
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Co-ratios

Solve for 8 if cos (B - 10°) =sin 20.

If this was cos (8 — 10°) = cos 28 as in a similar example (4) above, then the
ratios are already balanced. So we would only focus on the angles.

Here our duty is to get those ratios the same:

Remember sine becomes cosine in vertical reduction, so cos (8 = 10°) = cos 28
and the sin 2 8 has a positive sign in front of it. 5o we ask where is
(8 - 107) positive?

+
According to the CAST rule, 4~—, it will be positive in the first and fourth
quadrants. -

So in the first quadrant sin 20 = cos (90° - 20) and in the fourth quadrant sin 2
B = cos (26 - 90°%) quadrant

So:cos (B - 10°) =cos (90° - 208) or cos (B - 10°) = cos (26 - 90°)
S.0=10°=90° =20 + k-360° or 6 -10°=20-90° + k-360°
30 =100° + 360° -0 =-80" + k-360°

and 6 = [@| +k120° . B=80°+k360° ke Z
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Trigonometric graphs
Graphs of the form y=asinx, y=acosx and y=atanx involve amplitude shifts.
The amplitude of a trigonometric graph is defined to be:

Lr,. : .
E[dlstance between the maximum and mimmum y — values]

Vertical shifts

Graphs of the form y=sinx+g, y=cosx+g and y=tanx+g involve vertical
shifts. The basic graphs will not change shape as with amplitude shifts. The basic
graph will move up or down depending on the value of g.

Period shifts

Graphs of the form y=sinkx, y=coskx, and y=tankx involve period shifts.

The central principle is that the period of these graphs is determine by taking the
period of the basic graph and dividing by the value of k.

Examples
Period of y=sinx: Period = 360°

=]
Period of y=sm2x: Period = 36; =180°

L]
Period of y=cos3x: Period = Biﬂ =120°

=]
Period of y=tan4x: Period = 184 =45°

Mixed Shifts

You may be required to sketch graphs involving more than one shift (but not more than
two).
Example

Consider f{x}=25inlx.
This graph involves an amplitude shift as well as a period shift.

i . .. 3600
The amplitude is 2 and the period is =720°

1
=
=
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Horizontal Shifts

The graphs of y=sin(x+ p), y=cos(x+ p), y=tan(x+ p)involve shifts to the left
and right.

Examples
The graph of y =sin(x+30°) is the graph of y =sinx shifted 30°to the left.

The graph of y =sin(x—30°) is the graph of y =sinx shifted 30°to the right.

e Establish and apply the sine, cosine and area rule.

Grade 10 work

B For angle A: For angle B:
ais the opposite side  ais the adjacent side
bis the adjacent side b is the opposite side

cis the hypotenuse ¢ is the hypotenuse

o

C b A

Angles of elevation and depression

SABC building Brixton Tower
Angle of elevation from the bottom of the SABC building to the top of the tower is c.

The angle of depression from the top of the tower to the bottom of the SABC building
is B. Why is oo =7

The area of a triangle is % base x height. What do we do if we do not have the height?

Yes! We use trigonometry.
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How do we find all the angles of a triangle that is not a right angled triangle?

We use the sine rule which tells us that

a _ b _ ¢ or sinA _sinB _sinC
sinA” sinB~ sinC a b T ¢

A

Let's prove it

Area AABC =3 be sin A
Similary if B were at the origin
Area AABC = ac sin B

And if C were at the origin
Area AABC = ab sin C

But this is the same triangle

Lot cince T hecin A =1 ac e
SDjabsmi:—EhcsmA—zac sin B

=1,
.Eabc

1 . | R 1.
EﬂhSII'IC_EhLSII'IﬁL_EJLSII'IB

[ I
3Jh1 2;1hL zdbi.

sinC _sinA _sinB

‘c_u_h

el
To apply the law of sines, you
' need to have information

about two sides, and one
angle opposite one of those
sides, or two angles and the
one side opposite one of the
angles.
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We use the cosine rule
A
b =a*+c¢*— 2accos B
a* =0+ ' = 2bc cos A

ci=ph 4+ a*—2abcos C

B

Let's prave it.
y C (b cos A: b sin A)

With A in standard position, the
co-ordinates of apex C will be:

x=bcos A

B(c; 0) x v=~>bsinA

By the distance formula, we find the length of BC--

a =(bcos A—c) +(sin A-0)

a* = b* cos® A — 2bc cos A 4+ + b sin? A

a’=b cos* A+ b sin2 A+c®—2bccos A

a® = blcos’ A +sin® A) +¢? — 2bccos A sin® A +cos? A=1

=0+t —-2bccos A

Area Rule

The area of any triangle can be found when at least two sides an included
angle are known

Area of AABC = %ab sin(C

e Solve problems in two dimensions by using the sine, cosine and area rules, and
by constructing and interpreting geometric and trigonometric models.
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NOV 2008

QUESTION 5
5.1 Do NOT use a calculator to answer this question. Show ALL calculations.
Prove that:

511 tan 480°.s1n 300" cos14°.sin(—1357)
sin104° cos225°

V23 -1
4

5172 cos75% =
Prove that cos(90°— 2x).tan(180° + x) + sin*(360° — x)= 3 sin” x

QUESTION 6

6.1 611 Prove that (tanx —1)(sin2x — 2cos” x) = 2(1— 2sin xcos x)

. . tanx —1
6.1.2 Determine the general solufion {for: f=—3 correct to ONE

decimal place.

If cos =i,_ where p < 0 and F =[180°:360°], determine, using a diagram, an
5

expression in terms of p for:
62.1 tan 3

6.2.2 cos 23

QUESTION 7

A, B and L are points in the same horizontal plane, HL is a vertical pole of length 3 metres,
AL =52 m, the angle ALB =113° and the angle of elevation of H from B 15 40°.
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Calculate the length of LB. (2)

Hence, or otherwise, calculate the length of AB. (4)

Determine the area of AABL .

QUESTION §
Consider the functions f(x) =cos3x and g(x) =sinx for xe[-907;180°].
Solve for x 1f f(x) = g(x).

Sketch the graphs of fand g on the system of axes on DIAGRAM SHEET 2 for
x [-90°;180%].

Solve for x 1if f(x)= g(x) where x=[-907;0°].

FEB 2009

QUESTION 5
Simplify each of the following to a single trigonometric ratio: (Show ALL the calculations.)

tan(180° + x)cos(360° — x)
5in(180° — x) cos(90° + x) + cos(540° + x) cos(—x)

5.1

l-cos2x—sinx

sin 2x —cosXx
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QUESTION 6
6.1 If <in 23° = p, write down the following in terms of p. Do NOT use a calculator.
6.1.1 cos 113°

6.1.2 cos 23°

6.1.3 sin 46°

. . 3
It is known that 13sing—5=0 and tanpf == where o [90°:270°] and

B e[90°:270°]. Determine, without using a calculator, the values of the following:

6.2.1

6.2.2 cos(e + )

. |
Solve for x €[0°: 360°] if Scosx = 0.435.

QUESTION 7

Thandi is standing at point P on the horizontal ground and observes two poles. AC and BD. of
different heights. P. C and D are in the same horizontal plane. From P the angles of inclination
to the top of the poles A and B are 23° and 187 respectively. Thandi is 18 m from the base of
pole AC. The height of pole BD 1s 7 m.
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Calculate. correct to TWO decimal places:
The distance from Thandi to the top of pole BD

The distance from Thandi to the top of pole AC

The distance between the tops of the poles, that is the length of AB, if APB = 42°

QUESTION 8

Consider the functions defined by flx) =sin 2x and g(x)= % tan x for x € [—90°: 180°].

Sketch the graphs of f and g on the same system of axes on DIAGRAM SHEET 1.
Calculate the x-coordinates of the points of intersection of f and g.

Determine the values of x for which g(x) = flx).

QUESTION 9
Determine the minimum and maximum values of the following:

1

3sin” x+4cos” x

f(x)=

NOV 2009

QUESTION 3

5.1 In the Cartesian plane below. the point A(—12 : 5) and the angle € are shown.

A(-12:5)
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Determine. writing your answer as a single fraction:
511 tan &

5.1.2 cos@sind

Simplify the following to a single trigonometric ratio:

sin(90° — x) tan(360° — x)
cos(180° —x)

Simplify completely. without the use of a calculator:

c0s(—60°) + tan135°
tan315° + cos 660°

. . 1.
Find the general solution of —sinx=-0.243.

Find a value for x if cos x:sinx: +/3sinx is a geomeiric sequence.

QUESTION 6

6.1 If sin 24° = p. express the following in terms of p, without the use of a calculator:
6.1.1 cos 24°
6.1.2 sinl2°cos12® — sin(—66°) tan 204°

2sinx+sin2x 2sinx
Prove that =
4+ 3cosx—cos2xy S5—2cosx
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l), ||||r

QUESTION 7

7.1 In the sketch below, PQ is a vertical
building. Q, R and S are points on
the same horizontal plane. The angle
of elevation of P. the top of the
building, from Ris& .

RQS =30°and QéR =150° — .
QS=12m

EE D &0E0E00E
| s (o O o 5 e ) o o o

S

Determine QR in terms of sine and cose.  (Hint: Use the sine rule in

AQRS.)

Hence, or otherwise, show that the height PQ of the building 1s
PQ=0+ 6+/3tan ex .

Hence, or otherwise, calculate a, the angle of elevation of P from R, if
PQ=23m.
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7.2 A vield sign consists of two equilateral triangles. The length of the side of the inner
triangle is 50 cm and the length of the side of the outer triangle 1s 80 cm.

Calculate the area of the red part of the yield sign. (Indicated as the shaded region on
the diagram). (4)
[17]
QUESTION 8

The graph of h(x) =atan x forx [—180°:180%]. x = —907, x = 907 | is sketched below.

R e T T

Write down the value of a.

If f(x)=cos(x+45°). sketch the graph of f for x=[-180°:180°] on the same
system of axes as 7 on DIAGRAM SHEET 1 (attached).

How many solutions does the equation /(x) = f{x) have in the domain [— 180°: 180"] ?

Let 6 be the smallest positive value of x at which % and f intersect. Is & bigger
than 14.5° or smaller than 14.5°7 Give a reason for your answer.
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NOV 2009

QUESTION 8

. ) 8 P
Given: sina = = where 90°< a < 270°

With the aid of a sketch and without the use of a calculator. calculate:
8.1 tan o
8.2 sin(90° + &)

8.3 cosZla

QUESTION 9
9.1 Simplify completely:
sin(90° — x) cos(180° — x) + tan x. cos(—x) sin(180° + x)

sin190°cos 225° tan 390°

cos100°sin135°

Prove. without the use of a calculator. that

Determine the general solution of sinx+2cos®x=1.

QUESTION 10
10.1 Using the expansions for sin(A + B) and cos(A + B), prove the identity of:

sinfA+B) tanA+tanB
cos(A+B) l—-tanA.tanB

sin(A + B)

If tan{A +B) =
cos(A +B)

. prove in any AABC that

tan A.tan Bitan C = tan A + tan B + tan C.
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QUESTION 11

11.1 Two ships. A and B. are 120 km apart. Ship A is at a bearing of 67° from D and
97 km away from D. DN points due north. Ship B is at a bearing of 208° from D.
A diagram is provided on DIAGRAM SHEET 3.

A

B

Determine the bearing of Ship A from Ship B. that is MBA. when
BM || DNN.

If Ship B travels due north. and Ship A travels due south. then at some
instant of time Ship A is due east of Ship B.

Calculate the distance between the two ships at that instant.
Triangle ABC 1is 1sosceles with AB = BC.

B

b_‘
Prove that cosB=1——
2a”
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QUESTION 12
Given: g{x)=2cos(x—30%)
12.1 Sketch the graph of g for x €[-90°: 270°] on DIAGRAM SHEET 4.

Use the symbols A and B to plot the two points on the graph of g for which
cos(x —30%) =05

Calculate the x-coordinates of the points A and B.
Write down the values of x, where x €[-90°:270°] and g'(x)=0.

Use the graph to solve for x, x €[-90°; 270%)]. where g(x) <0

FEB 2010

QUESTION 9

9.1 If 4tanf=3 and 180° < & < 360°. determine with the aid of a diagram:
9.1.1 sin@+cosf

tan 20

cos(360° — x)tan” x 1

sin(x —1807)cos(90° + x) " cosx

Show that:

Hence. caleculate without the use of a calculator, the value of:

c0s330° tan? 30°

sin(—150°) cos120°

(Leave your answer in surd form.)
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QUESTION 10

10.1 If sin 36° cos 12° = p and cos 36° s 12° = g, determine in terms of p and ¢ the value

of:

10.1.1 sin 48°

10.1.2 sin 24°

10.1.3 cos 24°

Show that sin® 20° + sin” 40° + sin*80° =

(HINT: 40°=60°—20° and 80° = 60°+ 20%)
sin® x +sin® xcos® x

10.3.1 Prove: =1-—cosx
l+cosx

.4 .2 2
. .. sl x+sinTxcos X
For which values of x 1s =1—cosx NOT true?
I+cosx

QUESTION 11
Given: f(x)=1+sinx and g(x)=cos2x
11.1 Calculate the points of intersection of the graphs fand g for x [ 180°: 360°].

11.2 Draw sketch graphs of f and g for x €[180°:360°] on the same system of axes
provided on DIAGRAM SHEET 3.

For which values of x will f(x) £ g(x) for x e[180°: 360°]?

QUESTION 12

In the diagram below A. B and C are three points in the same horizontal plane. D is vertically
above B and E is vertically above C. The angle of elevation of E from D is 8°. F is a point on
EC such that DF || BC.

BAC=a. ACB= G and AC = b metres.
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12.1 Prove that DE = &
sinfa + £)cos @

Calculate DE if b= 2 000 metres, & =43°, § =36° and 8 =27°.

NOV 2010

QUESTION 9

Given: tan¢ = —: where o [00 : 90"]

With the use of a sketch and without the use of a calculator. calculate:
sin &
cos>(90° — ) —1

l—sin2a
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QUESTION 10
(You may NOT use a calculator to answer this question.)
10.1 Simplify completely:

sin(90° + 8) + cos(180° + 0) sin(—0)
sin180° —tan135°

Prove that for any angle A:

4sin Acos Acos24sinl5° \/E — xE
sin 2 4(tan 225° — 2sin’ .»1] 2

Determine the general solution of:

4
Gcosx—5= : cosx =0
cos X

QUESTION 11

The angle of elevation from a pownt C on the ground, at the cenftre of the goalpost. to the highest
pomt A of the arc, duectly above the centre of the Moses Mabhida soccer stadium, 1s 64.75°.
The soccer pitch 15 100 metres long and 64 metres wide as prescribed by FIFA for world cup
stadiums. Also AC L PC. In the figure below PQ = 100 metres and PC = 32 metres.

C

11.1 Determine AC.

112 Calculate PAC .

113 A camera 1is positioned at point D. 40 metres directly below A. Calculate the distance
from D to C.
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QUESTION 12
Given: f(x) =2cosx and g(x) = tan2x

1 Sketch the graphs of f and g on the same system of axes provided on DIAGFAM
SHEET 4, for x =[-90° ; 907]

Solve for x if 2cosx =tan2x andx £[-90° ; 907]. Show ALL working details.

Use the graph to solve for x: 2cosx.tan 2x > 0.

Write down the period of f ‘ % ] )

Write down the equations of the asymptotes of g(x —25%), where x [-90° ; 90°].

FEB 2011
QUESTION 10

101 If sin 28° =g and cos 32°= b, determine the following in terms of & and/or b :

10.1.1 cos 28°
1012 cos 64°
10.13 sin 4°

Prove without the use of a calculator, that if sin 28° = @ and cos 32° = b, then

Bfl—a? —aafl-8? =

1
E -
Evaluate each of the following without using a calculator. Show ALL working.

sin 130°_tan 60°
cos 540 tan 230 sin 4007

103.1

1032 (1—-f2sin 75942 sin 75°+1)

Determine the general solution of- sin? x+cos2x—cosx =0

R
. cos.ix.tan x
Consider: —M—

sin © x

10.5.1 For which values of x, x=[0°;180%], will this expression be undefined?
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\

cosixfan x cosx

Prove that — =———tanx for all other values of x.
sin T x sin x

QUESTION 11

The sketch below shows one side of the elevation of a house. Some dimensions (in metres) are
indicated on the figure.

E

Calculate, rounded off to OINE decimal place:
11.1 EC

DCE

Area of ADEC

The height EF

QUESTION 12

The graph of f(x) = —2sin x is drawn below.
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Write down the period of £

Write down the amplitude of & if k(x)= @ ;

4

Draw the graph of g{x) =cos{x—30% for x=[-180%; 180°] on the grid provided
on DIAGRAM SHEET 5.

Use the graph to determine the number of solutions for —2sin x= cos(x—307),

x[-180° ; 1807].
For which values of x is g{x) = 07

For which values of x is /' (x) <0 and g (x) =07

NOV 2011

QUESTION 9

9.1 If tan A = — and 0°<A < 90°, determine the values of the following with the aid
40
of a sketch and without using a calculator. Leave your answers in surd form, if
necessary.

9.1.1 cos A
912 sin (180° + A)
Without using a calculator, determine the value of the following expression:

w x tan” 120°
s (—107)

P(4:3) and M(a : b) are points on a circle with the origin as centre.
Q and R are x-intercepts of the circle.

-

»
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9.3.1 Write down the numerical value of sin ROP . (2)

Calculate the size of QéP.

If obtuse POM =115°. calculate the value of a. the x-coordinate of M.
correct to TWO decimal places. (3)

[18]
QUESTION 10

The graphs of the functions f(x)=a tan x and g(x) = b cos x for 0° < x = 270° are shown in the
diagram below. The point (2257 : 2) lies on f. The graphs mtersect at points P and Q.

Determine the numerical values of @ and b.

Determine the minimum value of g(x) + 2.

. . A1
Determine the period of f ‘ —x|.
L2 [\

Show that. if the x-coordinate of P is &, then the x-coordinate of Q is (180°—8).
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QUESTION 11

The figure below represents a triangular right prism with BA = BC = 5 units, ABC = 50° and

FAC = 25°.

Determine the area of AABC,
Caleulate the length of AC.

Hence. determine the height FC of the prism.

QUESTION 12

12.1 Prove that. if cos(er —x) =0,
sin(x +450° — o) 1

cos (e —x)
Determine the general solution of cos2x =1—3cosx.
12.3 12.3.1 Prove that. for angles 4 and B.

sind cosd 2sin(4- B)
sinB  cosB sin 2B

Hence. or otherwise. without using a calculator. show that:

sin5B  cosSB
sin B cos B

(a) =4cos2B

1 X
b = 4co0s36°
® sin18°

sin 18° is a solution of the cubic equation 8x° —4x+1=0
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FEB 2012
QUESTION 9
9.1 Answer this question without using a calculator.

In the diagram. P is the point (12 : 5). OT L OP. PS and TR are perpendicular to
the x-axis. POS=«a and OR = 7.5 unifs.

Determine:

9.1.1 cos o
9.1.2 TOR. in terms of o
9.1.3 The length of OT

5in(90° + x).cos x. tan(—x)
c0s(180° + x)

Show that =sinx.

QUESTION 10

The graph of f(x) =sin3x is drawn below for x £ [-90°:180°].
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Write down the period of f.

Write down the solutions for sin 3x =—1 on the interval [-90° ; 180°].
Give the maximum value of & if h(x)= f(x)—1.

Draw the graph of g(x)=3cosx for x €[-90°:180°] on the grid on DIAGRAM
SHEET 4.

Use the graphs to determine how many solutions there are to the equation

3111331' —cosx =0 on the interval [-90°: 180°].

Use the graphs to solve:  f(x).g(x) <0.
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QUESTION 11

111 If sin61°= \."E. determine the following in terms of p:

11.1.1 sin 241°

11.1.2 cos 61°

11.1.3 cos 122°

11.1.4 cos 73° cos 157 + sin 73° sin 15°
11.2.1 Prove the identity:

COSX+SINX COSX—SInX
—— —— = 2fan 2x
COSX—SINX COSX+sSinX

Determine a value of x in the interval [0° : 180°] for which the identity is
not valid.

Given: sinx =cos2x —1. Show that 2sin” x+sinx=0.
Determine the general solution of the equation: sin x = cos 2x — 1.
Determine the value of:

tanl1®x tan 2°x tan 3% x tan 4%« ... % tan 87° » tan 88° x tan §0° ,

QUESTION 12

A rectangular birthday card is tied with a ribbon at the midpoints. G and H. of the longer sides.
The card 15 opened to read the message mside and then placed on a table in such a way that the

angle AFE between the front cover and the back cover of the card 1s 90°. The points G and H
are joined by straight lines to the point C inside the card. as shown in the sketch.

Let the shorter side of the card. BC = x. and the longer side, CF = 2y.
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Department of

C

Enjoy \\‘
o dab_\\

Happy
Birthday

Happy Birthday

Prove that cos GCH =
NOV 2012

QUESTION 8
Answer this question WITHOUT using a calculator.

8.1 The point P(k : 8) lies in the first quadrant

such that OP =17 units and TOP =«
as shown 1n the diagram alongside.
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8.1.1 Determine the value of k. (2)

8.1.2 Write down the value of cos & . (1)
8.1.3 If it is further given that o+ 8 = 180°, determine cos .
814 Hence. determine the value of sin(f — ).

: . 1—cos2x—sinx
Consider the expression: ——————
s 2xX —Ccos X

l-cos2x—sinx
Prove that: ————————  =tanx
sm2x —cosx

The above expression is undefined if sin2x—cosx=0. Solve this
equation in the interval 0° < x =360°.

QUESTION 9

sin® @

9.1 Simplify as far as possible: —
5in(180° — &).cos(90% + &) + tan 45°

sin104°(2cos” 15°—1)

Simplify without the use of a calculator: —
tan 38%.sm” 412°

QUESTION 10

The graphs of f(x)=sin(x+30°) and g(x)=-2cosx for —90° < x<180° are given below.
The graphs intersect at point P and point Q.




FREE STATE PROVINCE

] éf,ﬂ \ji)u education
SHANDUKA | KAGISO SHANDUKATRUST i V} ) Deparmentof

weemm Foundation Partnering for exellence in education Education

Maths Centre

Engage Transform Achieve

Calculate £(0) — g(0).
Calculate the x-coordinates of point P and point Q.
For which values of x will f(x) > g(x)?

Graph h is obtained by the following transformation of f: h(x)=2f(x+60%).

Describe the relationship between g and h.

QUESTION 11

ABCD is a parallelogram with AB = 3 units, BC = 2 units and ABC =6 for 0°< 6 <90°.

A

D

Prove that the area of parallelogram ABCD is 6sin 8.
Calculate the value of 8 for which the area of the parallelogram is W3 square Uifs.

Determine the value of @ for which the parallelogram has the maximum area.

QUESTION 12

A hot-air balloon H is directly above pomnt B on the ground. Two ropes are used to keep the
hot-air balloon in position. The ropes are held by two people on the ground at point C and
point D. B. C and D are in the same horizontal plane. The angle of elevation from C to H 1s x.

CDB = 2x and CBD = 90°— x. The distance between C and D is k metres.
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12.1 Show that CB = 2k sin x.
12.2 Hence, show that the length of rope HC is 2k tan x.

12.3 Itk=40m. x=23° and HD = 31.8 m. caleulate &. the angle between the two ropes.

FEB 2013
QUESTION 8

Simplify as far as possible: 1—sin” 8+ 3 —cos” 8

Simplify WITHOUT the use of a calculator: 45121507, p3tan225°

72 . p) 4
cos® xsin’ x +cos’ x ,
Prove that . =1+sinx
l—sinx

Prove that for any angle 8. cos38 = 4cos’ 8 —3cos .
(Hint: 38 =6+26)

If x = cos 20°, use QUESTION 8.4 to show that 8x° —6x—1=0.
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QUESTION %
9.1 Simplify to ONE trigonometric function WITHOUT using a calculator:

cos160°tan 2007
2sin(—10%)

Consider cos(x +45%) cos(x —45°).

9.2.1 Show that cos(x+45%)cos(x —457) = —cos 2x.

Hence, determine a value of x in the mnterval 0° < x <180° for which
cos(x +45%)cos(x —45%) is a minimum.

QUESTION 10

The graph of fix) = sin 2x for — 1807 = x = 90° is shown in the sketch below.

-

Write down the range of f

(3
Determine the period of f| :xJ .

\

Draw the graph of g(x) = cos(x — 30°) for —-180° < x < 90° on the system of axes on
DIAGRAM SHEET 3. Clearly label ALL x-intercepts and turning points.

Hence. or otherwise, determine the values of x in the interval —180° < x <90° for
which 7 (x).g(x)<0.

Describe the transformation that graph f has to undergo to form y = sin (2x + 607).

Determine the general solution of sin 2x = cos(x — 30°).
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QUESTION 11

In the diagram below. ABC is a right-angled triangle. KC is the bisector of ACB.

AC =7 units and BCK = x.

—

B
Write down AB in terms of x and r.

Give the size of AKC in terms of x.

-

L AK
If it is given that B =—. calculate the value of x.

£

NOV 2013

QUESTION 10
In the diagram below, reflex TOP = @ and P has coordinates (— 5 ; — 12).

A

:?/'—

P(-5;:-12)

education

Department of
Educ n

FREE STATE PROVINCE

Determine the value of each of the following trigonometric ratios WITHOUT using a

calculator:
10.1 COS QL

10.2 tan (180° — a)

10.3 sin (30° — a)
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QUESTION 11

2 a
11.1 Prove the following identity: cos _(90 +6) - -1
cos(—6) +sin(90° —@)cosd cosd

Determine the general solution of: tan x sin x + cos x tan x = 0,

Consider the following expression: 2sin’® 3x —sin® x — cos® x
11.3.1 Simplify the expression to a single trigonometric ratio of x.

11.3.2 Write down the maximum value of the expression.
Itis giventhat p =cosa+sina and g =cosa—sina
11.4.1 Determine the following trigonometric ratios in terms of p and/or g:

(a) cos 2a

(b) tan a

q

11.4.2 Simplify Zi Y to a single trigonometric ratio of a.
q =r

QUESTION 12

12.1 Draw the graphs of f(x) =tan x + 1 and g(x) = cos 2x for xe [~ 180° ; 180°] on the
same system of axes provided on DIAGRAM SHEET 2. Clearly show all intercepts
with the axes, turning points and asymptotes.
Write down the period of g.
If h(x) = — cos 2(x + 10°), describe fully, in words, the transformation from g to A.

For which values of x, wherex > 0, will f'(x)g(x)> 0?7
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QUESTION 13

The Great Pyramid at Giza in Egypt was built around 2 500 BC. The pyramid has a square
base (ABCD) with sides 232,6 metres long. The distance from each comner of the base to the
apex (E) was originally 221,2 metres.

Great Pyramid at Giza in Egypt

Calculate the size of the angle at the apex of a face of the pyramid (for example
CEB). (3)

Calculate the angle each face makes with the base (for example EFG, where
EF 1 AB in AAEB). (6)
9]
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FEB 2014

QUESTION 8

8.1 If sinA= % and cos A < 0, determine, WITHOUT using a calculator, the value of:

8.1.1 sin(—A)
8.1.2 tan A

If cos34°=p, WITHOUT using a calculator, write down the following in terms
of p:

8.2.1 cos214°
822 cos 68° (2)
823 tan 56° (4)
WITHOUT using a calculator, determine the value of the following expression:
cos 350°sin 40° — cos 440° cos 40° (5)
[18]
QUESTION 9
The graphs of f(x)=cos(x—45°) and g(x)=-2sinx are drawn below for x £[-180°:180°].

The point T 1s an x-intercept of f as indicated on the diagram.

-

¥
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Show that cos(x —45°) =—2sin x can be written as tanx=-0.2612.

Solve the equation: cos(x —45°) =-2sinx for x[-180°:180°].

Write down the coordinates of point T.
Write down the interval for which f(x) = g(x).
Write down the interval for which both f and g are strictly increasing.

The graph / is obtained when the graph f is shifted 45° to the right. Write down the
equation of /4 in its simplest form.

QUESTION 10

In the diagram below, RS is the height of a vertical tower. T and Q are two points in the same
horizontal plane as the foot S of the tower. From point T the angle of elevation to the top of the

tower is 60°. RTQ =& . RQT =60° and TQ = k metres.

B

Express TR in terms of & and &

3k

2( \,-G cos @ +sin &) .

Show that RS =
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QUESTION 11
11.1 Consider the function: £(x) =3—2sin’x
11.1.1 Determine the range of f.

For which value(s) x. x €[-180%;180°]. will f have a minimum value?

Show that 1—cos2Q = 2sin” Q.

Given: P+ (:) +R =180°

(a) Show that sin 2R = —sin(2P + 2Q).

(b) Hence. show that
sin 2P +sin 2Q +sin 2R =4sin Psin Qsin R..
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Unit 4: Euclidean Geometry

NOTES

THEOREM
The line segment joining the centre of a circle
to the midpoint of a chord is perpendicular to the chord.
If AM=MB then OM L AB which means that
- - ASTM 7B
THEOREM CONVERSE n

AW =8

The perpendicular drawn from the centre of a
circle to a chord bisects the chord.

If OM L AB then AM =MB

THEOREM

The angle which an arc of a circle subtends at the centre of a circle is twice the angle it

subtends at the circumference of the circle.
C

For all three diagrams: O, = 2C
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THEOREM CONVERSE

n,q

If the angle subtended by a chord at a point on the
circle is 90° | then the chord is a diameter.

If C=90°_ then the chord subtending

C is a diameter.

THEOREM
An arc or line segment of a circle subtends equal

angles at the circumference of the circle. We say
that the angles in the same ﬁtgmfnt of the circle are equal

In the diagram, A —Band C=D

THEOREM

The opposite angles of a cyclic quadrilateral are
supplementary (add up to 180°)

In the diagram, A+C=180° and B+D=180°

THEOREM CONVERSE

If the opposite angles of a quadrilateral are supplementary, then the quadrilateral is a
cyclic quadrilateral.
D D

3]

¢ —

AN
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THEOREM

An exterior angle of a cyclic quadrilateral is equal to
the interior opposite angle.

If ABCD 1s a cyclic quadrilateral, then Cl =A.

THEOREM CONVERSE

If an exterior angle of a quadrilateral is equal to the interior opposite angle, then the
quadrilateral is a cyclic quadrilateral.

D D

THEOREM

A tangent to a circle is perpendicular to the
radius at the point of contact.

If ABC 1s a tangent to the circle at the point B,
then the radius OB L ABC e B, =B, =90°.
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THEOREM CONVERSE

If a line is drawn perpendicular to a radius at the
point where the radius meets the circle, then the
line is a tangent to the circle.

If line ABC L OB and if OB is a radius, then
ABC i1s a tangent to the circle at B.

THEOREM

If two tangents are drawn
from the same point outside

a circle, then they are equal in
length.

THEOREM

The angle between a tangent to a circle and a chord drawn from the point of contact in
equal to an angle in the alternate segment.

- -~

In both diagrams, B, = E and Eil =D.
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THEOREM CONVERSE

If a line is drawn through the endpoint of a chord, making with the chord an angle equal
to an angle in the alternate segment, then the line is a tangent to the circle.

If Ez =Eorif l§| =D . then ABC 1s a tangent to the circle passing through the points B, D
and E.

How to prove that a quadrilateral is cvelic
ABCD will be a eyclic quadrilateral if one of the following conditions is satisfied.
Condition 1 ‘ ‘

(A, +A,)+(C, +C;)=180° or (B, +B,)+(D, + D,)=180°
Condition 2

Cl—A]‘l‘!ﬁLﬁ

Condition 3
Dl C3 or Dj Ay, orC, =B, or B,=A

How to prove that a line is a tangent to a circle

ABC would be a tangent to the “imaginary™ circle drawn through
EBDif B, =E
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Proofs of theorems for exam

THEOREM

The line drawn from the centre of a circle perpendicular to a chord bisects the chord.
Proof

Join OA and OB.

In AOAM and AOBM :

(a) OA=0B radii
(b) M, =M, =90° given
(c) OM=0M common

S AOAM = AOBM RHS

S AM=MB

THEOREM

The angle subtended by an arc at the centre of a circle is double the size of the angle
subtended by the same arc at the circle (on the same side of the chord as the centre).

Proof

Join CO and produce.
For all three diagrams:

0,=C,+A ext £ of AOAC

But C,=A OA =0C , radii

-0, =12C,

Similarly, in AOCB O, =2C,

[:JL + (_:): = 2’("2l + 26‘1

~0,+0,=2(C,+C,)

.AOB=2ACB

Fm the third dnagram

~0,-0,=2C,-2C,

= 0,-0,=2C,-C)) ;.l; C
- AOB = 2ACB A

B
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THEOREM

The angle between a tangent to a circle and a chord drawn from the point of contact is
equal to the angle in the alternate segment.

Proof

Draw diameter BOF and join EF

B, +B, =90° tan | rad

I:Zl + 1"53 =90° £ 1n a semi-circle
But I§5] = I:Z, arc FD subt=2"s
B, =E,

~.CBD=BED

Draw diameter BOF and join FD

B, =90° tan 1 rad

f) =00° £ 1n a semi-circle
EL _fl arc FE subt=2"s

Now B [} =90° and Bq = D_
~.B,+B,=D,+D,

ABE = BDE

THEOREM

The opposite angles of a cyclic quadrilateral are supplementary (add up to 180°).

Proof

D
Join AQ and OC,

D =2D 2 atcentre= 2x .2 at cire

0, = 2B Z ateentre= 2x . at cire

[:)]+(:J:=2f)+2é
and O, + 0, =360° ~'s round a point A \ /
~.360°=2(D+B)

. 180°=D+B

Similarly, by joining BO and DO, it can be proven that A +C=180°
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NOV 2008

QUESTION 7

7.1 Complete the statements below by filling in the missing word(s) so that the statements
are CORERECT:

7.1.1 The angle subtended by 2 chord at the centre of a circle is ... .
7 The angle between the tangent and a chord iz ... .

7.1.3 The cpposite angles of a cyelic guadrilateral are ... .

In the figure below, BDS iz a tangent to circle O at D. IfBC =DC and CDS = 407,
calculate, with reazons, the measzures of:

721 BDC

c

A




education
SHANDUKA | KAGISO SHANDUKATRUST Department of .

g | Foundation Partnering for exellence in education G- S Fducation

Maths Centre FREE STATE PROVINCE

Engage Transform Achieve

QUESTION 8

In the diagram below, points B, P, A, Q and T lie on a circle. BA bisects B and AB = AQ.
EA and TQ) produced meet at B.

Prowve that:
2.1 AQ bisects PQB

g2 TE=TB

23 P—TRP

QUESTION &

In the figure below, PO iz a2 diameter to circle PWERC). SP is a tangent to the circle at P.
Let P, =x
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Why 1s PRQ =90°7 (1)

Prove that P1 =5,

Prove that SRWT 15 a evlic quadrilateral.

Prove that AQWR /// AQST.

If QW=5¢em, TW=3cm, QR =4 cm and WR =2 cm, calculate the length of:
951 TS

852 SR

QUESTION 10

In the figure below, AABC has D and E on BC. BD =6 ¢cm and DC =9 cm.
AT:TC=2:1and AD || TE.

. . CE
Write down the numerical value of =)

Show that D 1s the midpoint of BE.
If FD = 2 cm, calculate the length of TE.
Calculate the numerical value of:

Areaof AADC

104.1 _—
Areaof AABD

Areaof ATEC
Areaof AABC
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FEB 2009
QUESTION 6

6.1 Complete the statement below by filling in the missing word(s) so that the statement
1s CORRECT:
The angle subtended by a chord or arc at the centre of a circle is ...
In the figure below. O is the centre of the circle and PT = PR,

A n
ILet Ri=yand Oy =x.

Express x in terms of y.
If TQ=TR and x= 120" calculate the measure of:

(a) »

(b) R (Hint: Draw QR) (3)
[9]

QUESTION 7

In the figure TP and TS are tangents to the given circle. R is a point on the circumference.
) A
Q isapomton PR such that Q,=P.

SQ 1s drawn.
Let Pl =X.
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«

Prove that:

TQ || SR

QPTS 1s a cyclic quadrilateral

A
TQ bisects SQP

QUESTION 8

In the figure AQ || RT. E =
QC
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8.1 If BT =k calculate TQ in terms of k. (3)
8.2 Hence. or otherwise. calculate the numerical value of:
CP
8.2.1 —
PR

8.2.2 Area ARCT
Area AABC

QUESTION 9

In the accompanying figure, AB is the diameter of circle ADCB. Chords AC and BD
mtersect at E. EP 1s perpendicular to AB.

P

A

Prove that ABPE ||| ABDA.
PE
AD

Hence show that — =
BD

BD? PE’

Prove that AB* =BD” + >
BP-
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QUESTION 8

8.1 In the diagram below. O is the centre of the circle. K. L and M are points on the
circumference of the circle.

Prove that the obtuse angle at O, KOM = 2KIM . (6)

8.2 In the diagram below. O is the centre of the circle. P. Q. R and S are points on the
circumference of the circle. TOQ is a straight line such that T lies on PS.

PQ=QRand Q, =x.

Q
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8.2.1 Calculate, with reasons, P, in terms of x.

Show that TQ bisects P Q R.

Show that STOR is a cyclic quadrilateral.

QUESTION 9

O 1s the centre of the circle below. OM L AC. The radius of the circle is equal to 5 cm and
BC=8cm.

C

Write down the size of BCA..
Calculate:
921 The length of AM. with reasons

922 Area AAOM : Area AABC

QUESTION 10

In the figure below, GB || FC and BE || CD. AC =6 cm and g =2.
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Calculate with reasons:
10.1.1 AH:ED

10.1.2 BE
CD

If HE = 2 cm. calculate the value of AD =« HE.

QUESTION 11

In the figure below, AB 1s a tangent to the circle with centre O. AC = AO and BA || CE. DC
produced. cuts tangent BA at B.

11.1  Show C, =D,. (3)

11.2 Prove that AACF ||| AADC. (3)

11.3 Prove that AD = 4AF.

NOV 2010
QUESTION 7

In the diagram below AC is a diameter of the circle with centre O. AC and chord BD mtersect
at E. AB, BC and AD are also chords of the circle. OD i1s joined. AE 1 BD.
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A

If C =33°. calculate. with reasons, the size of:
7.1 A,
D,

Show that AE bisects DAB

QUESTION 8

8.1 In the diagram below O is the centre of the circle. GH i1s a tangent to the circle at T.
J and K are points on the circumference of the circle. TJ, TK and JK are jomed.
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Prove the theorem that states 'j'l =TIK. (5)

ED is a diameter of the circle. with centre O. ED i1s extended to C. CA 1s a tangent to
the circle at B. AOQ intersects BEatF. BD || AO. E=x.

C

Write down, with reasons, THREE other angles equal to x.

Determine. with reasons. CBE in terms of x.
Prove that F 1s the midpoint of BE.
Prove that ACBD ||| ACEB.

Prove that 2EF.CB = CE.BD.

QUESTION 9

In the diagram below A. B. C and D are points on the circumference of the circle.
BD and AC intersect at E. Also.

EB = 8 em.

DC = 8 em and

AE:EC =4:7.
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D

B
If DE = x units and AB = y units, calculate x and y.

QUESTION 10

In the diagram below M is the centre of the circle. FEC is a tangent to the circle at E. D is the
midpoint of AB.

Prove MDCE is a cyclic quadrilateral.

Prove that MC? = MB? + DC? - DB

Caleulate CEif AB = 60 mm. ME = 40 mm and BC = 20 mm.

The end




